This paper is concerned with the following semilinear elliptic systems:
Introduction
In this paper, we consider the existence and multiplicity of solutions to the following semilinear elliptic systems: 
(H  ) H(x) ≥  and H(x) ∈ L
When is a bounded domain of R N , the problem 
Under suitable assumptions on F(x, u, v), they obtained the existence of infinitely many solutions characterized by the number of nodes of each component. Inspired by all these facts, the aim of this paper is to study the multiplicity of small negative-energy solutions to problem (.) via variational methods, which have been widely used to study Schrödinger equations; see [-] and the references therein. To the best of our knowledge, there has been few works concerning this case up to now. Now, we state our main results.
Theorem . Suppose that conditions
The remainder of this paper is as follows. In Section , we present some preliminary results. In Section , we give a proof of the main result.
Variational setting and preliminaries
In this section, we outline the variational framework for problem (.) and give some preliminary lemmas.
Let
with the inner product and norm
As usual, for  ≤ p < +∞, we let
and
Then E = X × X is a Hilbert space with the inner product
and the norm
Define the functional I on E by
Then a weak solution of system (.) is a critical point of I if I is continuously differentiable on E. Moreover, we have the following compactness lemma.
is, there exist constants C r >  such that u r ≤ C r u X , ∀u ∈ X, and for any bounded sequence {u n } ⊂ X, there exists a subsequence of {u n } such that
On the other hand, suppose that {(u n , v n )} ⊂ E are bounded, that is, {u n } and {v n } are bounded in X, then there exist subsequences {u n } and {v n } such that
Therefore,
The proof is complete.
Proof The proof is similar to that of Lemma . in []; we omit it.
To complete the proof of our theorem, the following theorem will be needed in our argument. Let E be a Banach space with norm · and E = j∈N X j with dim X j < ∞ for
where A, B : E → R are two functionals. 
Then there exist λ n →  and u(λ n ) ∈ Y n such that
In particular, if {u(λ n )} has a convergent subsequence for every k, then ϕ  has many nontrivial critical points
Proof of the main result
In order to apply Theorem . to prove our main result, we define A, B, and ϕ λ on our working space E by
We choose a completely orthonormal basis {e j : j ∈ N} of X and let
Note that ϕ  = I, where I is defined in (.).
Lemma . Suppose that conditions (H  ), (H  ), and (H  ) hold. Then B(u, v) ≥ . Furthermore, B(u, v) → ∞ as (u, v) → ∞ on any finite-dimensional subspace of E. Proof Evidently, by (H  ) and (H  ), B(u, v) = R N H(x)F(x, u, v) dx ≥ , Now we claim that for any finite-dimensional subspace E ⊂ E, there exists ε >  such that
Arguing by contradiction, we assume that there exists a sequence {(u n , v n )} n∈N ⊂ E \ {(, )} such that
⊂ E \ {(, )}, then (s n , w n ) =  for all n ∈ N, and
Since dim E < ∞, it follows from the compactness of the unit sphere of E that there exists a subsequence, say {(s n , w n )}, such that (s n , w n ) → (s  , w  ) in E. It is easy to verify that (s  , w  ) = . In view of the equivalence of the norms on the finite-dimensional space E,
By (.) and the Hölder inequality we have
Otherwise, we get
Hence, (s  , w  ) = , which contradicts with (s  , w  ) = . Therefore, (.) holds.
Then by (.) and (.) we get
for all positive integer n. Let n be large enough such that ξ  -
which is a contradiction with (.). Therefore, (.) holds. For the ε given in (.), let
Then by (.)
Combining (H  ) and (.), we have
which implies that B(u, v) → ∞ as (u, v) → ∞ on any finite-dimensional space of E. The proof is completed.
Lemma . Suppose that (H  )-(H  ) and (H  ) are satisfied. Then there exists a sequence
Proof Let
. For any ϕ ∈ X, ϕ = ∞ n= a n e n , we get
By (H  ) we have
Therefore, by (.), (.)-(.), and the Hölder inequality we get
Then, by (.), we have
Obviously, ρ k →  as k → ∞ since p, q ∈ (, ). By (.) and (.) direct computation shows that
Moreover, by (.), for any (
Proof Obviously, condition (C  ) in Theorem . holds. By Lemmas .-. conditions (C  ) and (C  ) in Theorem . are also satisfied. Furthermore, by Theorem ., there exist λ n →  and
For simplicity, in what follows, we always set (u n , v n ) = (u(λ n ), v(λ n )) for all n ∈ N. Now we claim that the sequence {(u n , v n )} obtained in (.) is bounded in E. Indeed, by (H  ), (H  ), (.), (.), and the Hölder inequality we have
for some C  > . Since p, q ∈ (, ), (.) implies that {(u n , v n )} is bounded in E. Finally, we show that {(u n , v n )} possesses a strong convergent sequence in E. Indeed, since {(u n , v n )} is bounded, there exists (u  , v  ) ∈ E such that (u n , v n ) (u  , v  ) in E,
By (.) we easily get
Then by (H  ), (H  ), and the Hölder and Minkowski inequalities we have
